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The availability of explicit solutions, i.e. analytical relationships between the structural response and the design vari-
ables, allows a more direct and plain treatment of several structural problems. This paper is devoted to derive approximate
explicit solutions in the framework of linear static analysis of ﬁnite element modeled structures with a given layout (ﬁxed
node positions). The proposed procedure is based on a factorization of the element stiﬀness matrix following the unimodal
components concept, which allows a non-conventional assembly of the global stiﬀness matrix. The exact inversion of that
matrix is a trivial task for the case of statically determinate structures, structures with few redundancies or few design vari-
ables. An approximate inverse of the stiﬀness matrix is herein derived for more general structural problems by resorting to
the Sherman–Morrison–Woodbury formula.
 2006 Elsevier Ltd. All rights reserved.
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Standard structural analysis tools are devoted to numerical evaluation of the system response due to exter-
nal loads for given geometry and material properties. However, in many cases one may want to investigate the
behavior of companion structures that are similar to an initial design structure or to ﬁx the structural param-
eters so to meet some given requirements. Such instances occur in reanalysis, Monte Carlo simulation, prob-
abilistic analysis, system identiﬁcation, structural optimization, damage detection, sensitivity analysis, etc. The
treatment of these problems requires to ﬁnd the response of several modiﬁed structures which diﬀer, for exam-
ple, for element properties, geometry, boundary conditions and loading. If the problem dimension is large, the
fresh analysis of each modiﬁed structure would require a large number of simultaneous equations to be
reformed and solved, which may lead to heavy computational cost. Several techniques have been developed
with the aim of evaluating the structural response for the modiﬁed structures exploiting the analysis of the
initial design structure such that the computational eﬀort is less than that required by a fresh analysis. For0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.03.003
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where the analysis algorithms are divided into two general categories: direct (i.e. exact methods) and approx-
imate methods. Direct methods provide exact explicit solutions which are eﬃcient if the number of modiﬁed
elements is small; approximate methods are more general but usually in order to achieve accuracy they resort
to iterative algorithms which may considerably reduce, even nullify, convenience over a fresh analysis (Kavlie
and Powell, 1971; Topping and Abu Kassim, 1987).
Recently, several attempts have been made in order to build approximate procedures which exploit the
results produced by direct methods so to construct approximate analytical expressions of the structural
response, explicit in the element properties. The eﬀort to exploit exact explicit solutions as a basis to produce
approximate models appears appropriate. In fact, a procedure able to furnish approximate explicit solutions,
which at least are exact for a class of structural settings, is candidate to perform well for more complex sce-
narios, and to produce accurate results with no need of iterations. For example, the Combined Approximation
(Garcelon et al., 2000), one of the most accurate methods recently developed, can be tuned so to give exact
results for truss structures with modiﬁcations made to the axial stiﬀness of a given number of members (Kirsch
and Liu, 1995). The Reciprocal Approximation (Schmit and Farhi, 1974), which expresses the nodal displace-
ments as linear Taylor polynomials in terms of the member ﬂexibility, is exact for statically determinate struc-
tures and quite accurate for redundant structures (Fuchs and Shabtay, 2000). The Response Surface Method
using ad hoc rational polynomials as performance functions (Falsone and Impollonia, 2004) produces exact
explicit relationships for ﬁnite element modeled structures when a single element property is treated as a
parameter; very accurate predictions are obtained for more general cases.
The availability of exact explicit relationships between the response and the variable structural parameters
is, then, crucial for devising accurate approximate explicit solutions. For the simplest case of linear structures
under static loads, to ﬁnd an exact explicit solution is equivalent to derive the exact inverse of the parameter-
ized stiﬀness matrix. To quote Fuchs, who devised very interesting results on this matter: ‘‘the quest for the
explicit inverse of the stiﬀness matrix in structural theory bears some resemblance to the quest for Eldorado
(the golden one) by the Spanish conquistadores’’ (Fuchs, 1992a).
The exact explicit solution for statically determinate structures has been obtained by several authors follow-
ing diﬀerent paths. For example, in the framework of uncertain structures, Falsone and Impollonia (2002)
employed a coordinate transformation based on the solution of eigenvalue problems; Elishakoﬀ and Ren
(2003) inverted the parametric stiﬀness matrix which was assembled in a non-conventional way; Di Paola
(2004) applied the Virtual Distorsion Method.
The case of statically indeterminate structures is quite more involved due to non-linear dependence of nodal
displacements on element ﬂexibilities (a linear relationship is, instead, assured for statically determinate struc-
tures). Exact explicit solutions have been derived only for simple structures: single beam (Elishakoﬀ et al.,
1997; Elishakoﬀ and Ren, 2003; Falsone and Soﬁ, 2004), structures possessing a single element with variable
properties (Falsone and Impollonia, 2002, 2004), structures comprising few elements and few redundancies
(Fuchs, 1992b).
Fuchs (1992a) highlighted that exact explicit solutions for more complex structures are theoretically obtain-
able but they are practically unusable for the immense number of terms involved. Then, in this case, accurate
approximate solutions would be much more useful. Fuchs and Maslovitz (1992) developed approximate expli-
cit relationships between the axial stress of truss structures and the element stiﬀness by retaining only a frac-
tion of terms and enforcing compatibility of deformation at preselected points. Falsone and Impollonia (2004)
proposed a class of approximate solutions for the nodal displacements of general structures by including cross-
terms to increase accuracy.
The present contribution is aimed at obtaining approximate analytical solutions for the nodal displace-
ments of linear structures with constant layout (ﬁxed node positions) under static loads, by determining an
approximate inverse of the parametric stiﬀness matrix. The solutions are explicit in the element parameters:
cross-section properties and material constants. The procedure is based on a factorization of the element stiﬀ-
ness matrix, following the unimodal components concept (Fuchs, 1991, 1997), which allows to disassembly the
generic ﬁnite element into superposition of more unimodal components, i.e. simple sub-elements possessing
only one natural mode. Basically, ﬁnite element disassembly consists of representing ﬁnite element matrices
as a matrix product, where topology contributions are isolated from constitutive law (Hemez and Pagnacco,
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given ﬁnite element. Then, the proposed procedure requires a non-conventional assemblage of the global stiﬀ-
ness matrix, which is based on the use of unimodal components and allows a truss-like formulation. The glo-
bal stiﬀness matrix is built up as the product of the statics matrix, the uncoupled constitutive matrix and the
kinematics matrix, each unimodal component explicitly appearing in the diagonal constitutive matrix. A sim-
ilar assemblage of the stiﬀness matrix was also used by Elishakoﬀ et al. (1997) for straight beams, by Doebling
et al. (1998) in order to parameterize the global stiﬀness matrix for solving structural identiﬁcation problems
and by Hemez and Pagnacco (2000) for devising an eﬃcient numerical solver.
The non-conventional assemblage of the stiﬀness matrix allows to obtain straightforwardly its inverse for
any statically determinate structure. For structures with few redundancies or few element properties treated as
parameters, the Sherman–Morrison–Woodbury (SMW) formula (Henderson and Searle, 1981; Hager, 1989) is
resorted to, so that an exact inverse of the stiﬀness matrix is still possible. As pointed out by Akgu¨n et al.
(2001), the SMW is a very general tool for evaluating inexpensively the response of structures with low-rank
modiﬁcations and most of the structural modiﬁcation techniques are related to this formula.
The SMW formula is exploited herein to get the approximate inverse of the stiﬀness matrix for the case of a
generic structure with many redundancies and parameters (high-rank modiﬁcations). A ﬁrst solution is
obtained by simply adding up the contributions due to each unimodal component, which leads to satisfactory
results only for small parameter ﬂuctuations. A more reﬁned and eﬀective approximation is proposed through
cross-terms inclusion which accounts for the interaction eﬀects between ﬂuctuations of the various compo-
nents. The accuracy of the resulting explicit solution is remarkable as evidenced by several numerical applica-
tions, where the approximate nodal displacements and internal stresses of ﬁnite element modeled structures
are compared with the exact ones.
2. Element stiﬀness matrix
Let us consider the equilibrium equation of a generic ﬁnite elementKðeÞðaðeÞÞuðeÞ ¼ FðeÞ ð1Þ
where K(e)(a(e)) is the stiﬀness matrix, u(e) and F(e) are the vectors of nodal displacements and forces. The stiﬀ-
ness matrix is an explicit function of the element cross-section properties, the element material properties and
the element geometry, which are arranged in the vector a(e). For example, the area A(e) and the moment of
inertia I(e) of a beam element or the thickness t(e) of a 2D element represent cross-section properties, whereas
the Young modulus E(e), the shear modulus G(e) or the Poisson’s ratio m(e) correspond to material properties.
Both the cross-section properties and the material properties of the elements are let to vary and play the role of
basic parameters. The element geometry, i.e. the length l(e) of a 1D element or the shape and the surface area
S(e) of a 2D element will not be considered herein as parameters since the position of nodes is supposed to be
ﬁxed. The proposed method starts from the following factorization of the element stiﬀness matrix:KðeÞðaðeÞÞ ¼ UðeÞKðeÞðaðeÞÞUðeÞT ð2Þ
being K(e)(a(e)) a diagonal parametric matrix,KðeÞðaðeÞÞ ¼ diag½aðeÞ ð3Þ
whereas U(e) is a rectangular numerical matrix, with the number of rows exceeding that of the columns, which
is not aﬀected by the element cross-section and material properties. Eq. (2) can be easily derived for several
types of elements (see Rong and Lu¨, 1994): some examples are given in the following.
(a) Truss element
For the two node truss element, the displacement and force vectors collect the longitudinal nodal displace-
ments ui and the axial forces Ni (i = 1,2)uðeÞ ¼ u1 u2½ T; FðeÞ ¼ N 1 N 2½ T. ð4Þ
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presentUðeÞ ¼ 1ﬃﬃﬃ
2
p 1 1½ T; KðeÞðaðeÞÞ ¼ aðeÞ; aðeÞ ¼ 2E
ðeÞAðeÞ
lðeÞ
. ð5Þ(b) Frame element
For the case of a two node beam element with three degrees of freedom at each node, one can assume
(Fuchs, 1997)uðeÞ ¼ u1 w1 lðeÞu1 u2 w2 lðeÞu2
 T
; FðeÞ ¼ N 1 V 1 M1lðeÞ N 2 V 2
M2
lðeÞ
h iT ð6Þ
where ui, wi and ui (i = 1,2) are the longitudinal, transversal and rotational nodal degrees of freedom in the
frame reference system, and Ni, Vi and Mi (i = 1,2) stand, respectively, for axial and transversal forces and
bending moment at the nodes.
Accordingly,UðeÞ ¼ 1ﬃﬃﬃ
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; KðeÞðaðeÞÞ ¼ diag aðeÞ1 aðeÞ2 aðeÞ3
h i
ð7Þwhere the three basic parameters readaðeÞ1 ¼
2EðeÞAðeÞ
lðeÞ
; aðeÞ2 ¼
2EðeÞI ðeÞ
lðeÞ
3 ; a
ðeÞ
3 ¼
30bðeÞEðeÞI ðeÞ
lðeÞ
3 . ð8ÞIn Eq. (8) b(e) is a positive scalar 61bðeÞ ¼ 1
1þ 12 EðeÞIðeÞ
GðeÞAðeÞs lðeÞ
2
ð9Þwhere AðeÞs is the cross-section area for shear. For inﬁnitely stiﬀ beams in shear, b
(e) = 1 and Eq. (2) yields the
stiﬀness matrix for the Euler frame element.
Both for the truss and frame elements, K(e)(a(e)) and U(e) collect, respectively, the non-zero eigenvalues and
the related eigenvectors (natural modes) of the stiﬀness matrix expressed in the local coordinate system.
Namely, the matrix factorization in Eq. (2) represents a spectral decomposition.
The assemblage of the global stiﬀness matrix requires a coordinate transformation from the local coordi-
nate system to the global one. This is produced through the transformation matrix L which accounts for the
rotation from one reference system to the other. The element stiﬀness matrix referenced to the global system is
also factorized as in Eq. (2)KðeÞg ðaðeÞÞ ¼ UðeÞg KðeÞðaðeÞÞUðeÞ
T
g ð10Þ
where the matrix UðeÞg is obtained by projecting into the global frame system the eigenvectors matrix U
(e) given
in Eq. (5) or (7)UðeÞg ¼ LTUðeÞ. ð11Þ
Hereinafter the subscript g will be omitted so that Eq. (2) will also be adopted in the global coordinate system.
(c) 2D constant strain triangle
The 2D constant strain triangular element has two translational degrees of freedom at each node so thatuðeÞ ¼ u1 v1 u2 v2 u3 v3½ T; FðeÞ ¼ X 1 Y 1 X 2 Y 2 X 3 Y 3½ T ð12Þ
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(xi,yi) in the global reference system. According to the isoparametric representation, the matrix U
(e) can be
written asUðeÞ ¼ BðeÞWðeÞ ð13Þ
where B(e) is the element strain–displacement matrix, relating the six nodal displacements to the three strains
components ex, ey, cxy. Using the notation xij = xi  xj, yij = yi  yj, the matrix B(e) readsBðeÞ ¼ 1
x13y23  x23y13
y23 0 y31 0 y12 0
0 x32 0 x13 0 x21
x32 y23 x13 y31 x21 y21
2
64
3
75
T
. ð14ÞThe matrices W(e) and K(e)(a(e)) collect, respectively, the eigenvectors and the eigenvalues of the material prop-
erty matrix which relates the stress vector r ¼ rx ry sxy½ T to the strain vector e ¼ ex ey cxy
 T
. Then,
either for a plane stress or a plane strain problemWðeÞ ¼ 1ﬃﬃﬃ
2
p
0 1 1
0 1 1
1 0 0
2
64
3
75; KðeÞðaðeÞÞ ¼ diag aðeÞ1 aðeÞ2 aðeÞ3h i ð15ÞwhereaðeÞ1 ¼ SðeÞ
EðeÞtðeÞ
2ð1þ mðeÞÞ ; a
ðeÞ
2 ¼ SðeÞ
EðeÞtðeÞ
1þ mðeÞ ð16ÞThe third parameter aðeÞ3 diﬀers from one problem to the other; for the plane strain problem it is given byaðeÞ3 ¼ SðeÞ
EðeÞtðeÞ
1 mðeÞ  2mðeÞ2 ð17Þwhereas for the plane stress problemaðeÞ3 ¼ SðeÞ
EðeÞtðeÞ
1 mðeÞ . ð18Þ2.1. Unimodal components
The stiﬀness matrix factorization given by Eq. (2) can be interpreted as a decomposition of the element stiﬀ-
ness matrix into its unimodal components (Fuchs, 1991, 1997), each of which carries a single generalized stress
component and contrasts a single generalized strain. The overall element properties are reconstituted by super-
imposition of the unimodal components acting in parallel. Such a reasoning can be best evidenced by rewriting
Eq. (2) as follows:KðeÞðaðeÞÞ ¼
XN ðeÞa
i¼1
aðeÞi /
ðeÞ
i /
ðeÞT
i ¼
XN ðeÞa
i¼1
k
ðeÞ
i ðaðeÞi Þ ð19Þwhere /ðeÞi are the columns of matrix U
(e) and N ðeÞa , equal to the dimension of the matrix K
(e)(a(e)), is the num-
ber of the unimodal components in the ﬁnite element. For the truss and frame element, the generalized stress
and strain components are given by UðeÞ
T
FðeÞ and UðeÞ
T
uðeÞ, respectively. Then, the truss element is unimodal
whereas the frame element is three-modal. In particular, as shown in Fig. 1, the ﬁrst unimodal component
of a frame element carries axial load only, the second is stressed by a constant bending moment and the third
by an antisymmetric bending moment.
Also the 2D triangle is three-modal, being WðeÞ
T
rðeÞ and WðeÞ
T
eðeÞ the generalized stress and strain compo-
nents, respectively. Among the three sub-elements acting in parallel one is deputized to absorb only the shear
Fig. 1. Unimodal components of frame element.
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ment the normal stresses rx and ry will take the same value.
3. Stiﬀness matrix assemblage
When the element stiﬀness matrix in the global frame is factorized as in Eq. (2), the global stiﬀness matrix is
amenable to a non-conventional assemblage, which evidences the contribution of each unimodal element. The
global stiﬀness matrix can be assembled so as to have the following form:K ¼ UKðaÞUT. ð20Þ
Suppose that the structure is composed of Ne elements, each of which has N
ðeÞ
a unimodal components, connect-
ing Nn nodes; every node has ndof degrees of freedom. All the element parameters (cross-section properties and
material properties of the elements) are collected in the vector a ¼ að1ÞT að2ÞT    aðN ðeÞÞT
 T
. The diagonal
matrix K(a)KðaÞ ¼ diag½a ð21Þ
lists the parameters of all the elements and its order NK is equal to the number of unimodal components in the
structureNK ¼
XNe
e¼1
N ðeÞa . ð22ÞThe numerical matrix U has dimension (ndofNn) · NK and it is built up by assembling the matrices U(e) accord-
ing to element connectivity. Note that no overlapping occurs in this process, in fact U is a partitioned matrix
whose submatrix [i,e] (i = 1,2, . . . ,Nn; e = 1,2, . . . ,Ne) has zero entries if the element e is not connected to node
i, otherwise it is given by the ndof rows of the matrixU
(e) which are related to node i. The global stiﬀness matrix
so obtained refers to a structure with no constraints, these can be included by modiﬁcation of matrix U. For
example, in order to impose a ﬁxed degree of freedom one should delete the corresponding row of matrix U
(and the column of matrix UT). Once the boundary conditions have been imposed, one can see that the matri-
ces U and UT play the role of the statics and kinematics matrix, respectively. The diagonal matrix K(a) rules
the constitutive equations and is diagonal due to the particular choice of generalized stresses and strains.
In the literature, the global stiﬀness matrix is usually decomposed as in Eq. (20) just for truss structures.
The extension to general structures with diﬀerent ﬁnite elements, introduced by Fuchs (1991) and also
employed by Elishakoﬀ et al. (1997), Doebling et al. (1998) and by Hemez and Pagnacco (2000), was obtained
by considering that any structure can be thought as an assemblage of unimodal elements in the same fashion
of trusses.
4. Exact inverse of the stiﬀness matrix
The stiﬀness matrix given by Eq. (20) is an explicit function of the basic parameters collected in the vector a.
If its parametric inverse, K(a)1, is available, then the explicit solution for the nodal displacements
u(a) = K(a)1F, being F the vector of nodal forces, is easily evaluated. The explicit solution for other response
quantities can be derived from the knowledge of the nodal displacements following standard ﬁnite element
concepts. The exact inverse of the parametric stiﬀness matrix, which allows to express in explicit form the
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cases.
4.1. Statically determinate structures
For a statically determinate structure, i.e. a structure with a number of unknown displacements equal to the
number of unimodal components (ndofNn = NK), U is a square matrix. Then, the inverse of the stiﬀness matrix
is simply given byK1 ¼ ðU1ÞTKðaÞ1U1 ð23Þ
and reveals that the nodal displacements will be linear functions of the reciprocals of the basic parameters.
4.2. Structures with few redundancies
If the structure is statically indeterminate, there will be more unimodal components than unknown dis-
placements, which lead to a rectangular matrix U with the number of columns exceeding that of the rows
(the diﬀerence between the number of columns, NK, and rows, ndofNn, equals the number of redundancies).
After partitioning the matrices U and K(a), the stiﬀness matrix can be split in two matricesK ¼ U1 U2½ 
K1ða1Þ 0
0 K2ða2Þ
 
UT1
UT2
" #
¼ K1 þU2K2ða2ÞUT2 ð24ÞwhereK1 ¼ U1K1ða1ÞUT1 . ð25Þ
When the stiﬀness matrix is expressed by Eq. (24), its inverse can be derived by the use of the SMW formula
(Henderson and Searle, 1981; Hager, 1989), which givesK1 ¼ K11  K11 U2ðK12 ða2Þ þUT2K11 U2Þ1UT2K11 . ð26Þ
The previous relationship is of practical interest when one can easily derive the inverse of the matrices K1 and
ðK12 ða2Þ þUT2K11 U2Þ, which happens, for example, if the structure has few redundancies. In this case, the par-
tition of the stiﬀness matrix should be performed so that U1 is the square statics matrix of any statically deter-
minate substructure, with parameters a1, extracted by the original structure. Then, K1 is the stiﬀness matrix of
a statically determinate substructure and its inverse is obtained by Eq. (23)K11 ¼ ðU11 ÞTK11 ða1ÞU11 ð27Þ
The parametric matrix ðK12 ða2Þ þUT2K11 U2Þ, which includes the statics matrix U2 of the redundant elements
and their parameters a2, has dimension equal to the number of redundancies and can be inverted in explicit
form due to its small dimension.
Eq. (26) clearly shows that the explicit solutions related to statically indeterminate structures will contain
cross-terms of the basic variables, which account for the coupling of the eﬀects of parameter variations on the
response. Such terms are missing in the explicit solution pertaining to statically determinate structures.
4.3. Structures with few parameters
Eq. (26) also allows to derive the exact inverse of the parametric stiﬀness matrix for the case in which the
properties of just few elements are let to vary, i.e. few parameters are present. For this scenario the partition is
performed so as to conﬁne the parameters of the variable unimodal components inside the matrix K2(a2).
Then, K1 is the stiﬀness matrix of the structure deprived of the parametric unimodal components, whose inver-
sion is obtained numerically (being a non-parametric matrix). The inverse of the parametric matrix
ðK12 ða2Þ þUT2K11 U2Þ can be derived in explicit form due to its small dimensions; for example, if the elastic
modulus of a beam element of the structure is treated as a parameter, then that matrix will be of order 3.
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The procedure previously described exploits the eﬀectiveness of the SMW formula to treat low-rank mod-
iﬁcations but it is not suitable for the general case of structures with many redundancies and many parameters
(which are related to high-rank modiﬁcations). Anyway, the availability of the exact inverse of the stiﬀness
matrix for this kind of problems has a scarce practical relevance. In fact, when redundancies and parameters
increase together, the exact inverse would be diﬃcult to handle being represented by very lengthy analytical
expressions. Of more interest is to determine an accurate approximate inverse of the stiﬀness matrix. An eﬀec-
tive procedure to achieve this aim is proposed in the following.
Assume ﬁrst that only the ith unimodal component is let to vary while all the others have ﬁxed values. The
parameter ai will be decomposed asai ¼ a0i þ ki ð28Þ
where a0i is the reference value and ki is the ﬂuctuation around the reference value. Denote with K0 the ref-
erence stiﬀness matrix (where the parameter takes its reference value). Then, the contribution of the unimodal
component ﬂuctuation to the stiﬀness matrix is Ki ¼ ki/i/Ti (where /i is the ith column of U) and the SMW
formula givesK1 ¼ ðK0 þ ki/i/Ti Þ1 ¼ K10 
ki
1þ kiai Ai ð29Þ
where the following numerical quantities appear:ai ¼ /Ti K10 /i; Ai ¼ K10 /i/Ti K10 ð30Þ
Of course the choice of the reference value a0i is of no importance in the evaluation of the parametric matrix
K1, being Eq. (29) an exact relationship.
For the general case in which N parametric unimodal components are present (N 6 NK), one can assume as
a ﬁrst approximation that the contributions of the ﬂuctuations are linearly superimposed so that the approx-
imate inverse readsK1 ¼ K0 þ
XN
i¼1
ki/i/
T
i
 !1
 K10 
XN
i¼1
ki
1þ kiai Ai ð31Þwhere the reference stiﬀness matrix is given byK0 ¼ UKða0ÞUT; a0 ¼ a01 a02    a0N½ T ð32Þ
Eq. (31) states that the approximate inverse is obtained by superimposing the contributions due to parameter
ﬂuctuations to the inverse of the reference stiﬀness matrix. Each contribution is expressed by the product of
the matrix Ai and the rational function ki/(1 + kiai). As regard the choice of the reference values a0i, it should
be noted that it would inﬂuence the analytical solution produced by Eq. (31), being this one an approximate
relationship. One could set the reference values a0i equal to the initial design values of the parameters ai . How-
ever, this is adequate only if the mean value of the ratio between the parameter ﬂuctuations around the initial
design value, ki ¼ ai  ai , and the initial design value itselfl ¼ 1
N
XN
i¼1
ki
ai
ð33Þis small, i.e. when the parameter ﬂuctuations are evenly spread around their initial design values. A better
choice for the reference values of the parameters, which removes this limitation, is to assume
a0i ¼ ð1þ lÞai . So operating, in Eqs. (30) and (31)K10 ¼
1
ð1þ lÞK
1; ki ¼ ki  lai ð34Þbeing K* = UK(a*)UT the stiﬀness matrix of the initial design structure. Note that when Eq. (34) is employed,
Eq. (31) gives the exact inverse for modiﬁed structures obtained by just scaling the initial design stiﬀness ma-
trix, so that K = cK*.
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cross-terms which should account for the interaction eﬀects among ﬂuctuations of diﬀerent unimodal compo-
nents. A signiﬁcant improvement of Eq. (31) can be achieved by including just the cross-terms relative to the
couples of unimodal parameter ﬂuctuations. To this aim, let us assume that only a couple of parametric uni-
modal components is present: a0i and a0j are the reference values whereas ki and kj are the ﬂuctuations. In this
case, by applying the SMW formula twice, recursively, one getsK1 ¼ ðK0 þ ki/i/Ti þ kj/j/Tj Þ1
¼ K10 
ki
1þ kiai Ai 
kj
1þ kjaj Aj
 kikja
2
ij
1þ kiai þ kjaj þ kikjðaiaj  a2ijÞ
ki
1þ kiai Ai þ
kj
1þ kjaj Aj 
1
aij
ðAij þ ATijÞ
 
ð35Þwhere the new numerical quantities, aij and Aij, readaij ¼ /Ti K10 /j; Aij ¼ K10 /i/Tj K10 ð36Þ
If N parametric unimodal components are present, they can be combined into N(N  1)/2 couples. Then,
according to Eq. (35), the approximate inverse of the stiﬀness matrix, which accounts for the eﬀects due to
the simultaneous variation of all parameter couples, readsK1 ¼ K0 þ
XN
i¼1
ki/i/
T
i
 !1
 K10 
XN
i¼1
ki
1þ kiai Ai

XN
i¼1
j¼iþ1
kikja2ij
1þ kiai þ kjaj þ kikjðaiaj  a2ijÞ
ki
1þ kiai Ai þ
kj
1þ kjaj Aj 
1
aij
ðAij þ ATijÞ
 
ð37Þwhere the relationships in Eq. (34) should be employed.
Eq. (37) is close to the exact inverse of the parametric stiﬀness matrix even for large parameter ﬂuctuations.
Indeed, Eq. (37) diﬀers from the exact inverse only for the absence of the terms accounting for the eﬀects of
coupling among three or more unimodal components, which are small even for large deviations from the ini-
tial design values.
The number of terms appearing into Eq. (37) can be considerably reduced by performing a sensitivity anal-
ysis. Indeed, many of the cross-terms are negligible in comparison to the others and can be dropped from the
sum. Keeping low the number of terms increases the eﬃciency of the proposed formulation especially when the
approximate explicit inverse is exploited in the framework of reanalysis or reliability analysis in conjunction
with digital simulations to evaluate the response statistics of interest.
6. Applications
The approximate inverse of the stiﬀness matrix leads to the sought approximate explicit solutions in terms of
nodal displacements, which allow to determine explicit expressions for other response quantities. In the follow-
ing, the proposed formulation is applied to a truss structure, a frame structure and a 2D structure modeled by
constant strain triangles. The element stiﬀnessmatrix is formed according to paragraphs (a), (b) and (c) of Section
2, then the global stiﬀnessmatrix is assembled by the technique described in Section 3.Note that such a procedure
is very general and can be easily implemented into computer codes. Once the numerical inverse of the initial
design stiﬀness matrix K*1 has been computed, the approximate inverse of the parametric stiﬀness matrix is
determined by both Eqs. (31) and (37), in each casemaking use of Eq. (34). The accuracy of the proposed approx-
imate explicit solutions is tested by computing the errorwith respect to exact numerical solution obtained by fresh
analysis. Speciﬁcally, the error of the generic quantity q (nodal displacement or internal stress) is deﬁned asEðqÞ ¼ qexact  qapproximate
qapproximate
 100 ð38Þ
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The approximate explicit relationship between nodal displacements and element parameters ai = 2E
(i)A(i)/
l(i) (i = 1,2, . . . , 24) has been evaluated for the truss structure with six redundancies shown in Fig. 2. The initial
design value for the element parameters is ai ¼ 2EA=lðiÞ, being E*A* the axial stiﬀness of all the elements in
the initial design structure.
Table 1 lists the percentage error of the horizontal displacement at the upper-right node, u, for some sample
structures obtained by varying the value of E(i)A(i) in the elements. The results obtained by Eq. (37) are very
accurate even for structures which are quite diﬀerent from the initial design one (where E(i)A(i) = E*A*), due to
large modiﬁcation of the parameters. The error pertaining to Eq. (31) is always larger than that related to Eq.
(37), thus testifying the important role played by cross-terms.
The contribution of cross-terms in the approximate explicit solution for the displacement u, given by the
double sum in Eq. (37), is shown in Fig. 3. The ﬁgure illustrates the sensitivity of u with respect to parameter
couples, which is deﬁned asTable
Exact
design
Initial
SamplFig. 2. Truss structure.
1
solution and percentage error EðuÞ of the approximate solutions of the horizontal displacement at the upper-right node for the initial
truss and for some sample structures
E(i)A(i)/E*A* in the elements uexact  EAfl EðuÞ (Eq. (31)) EðuÞ (Eq. (37))
From element
1 to 6
From element
7 to 12
From element
13 to 18
From element
19 to 24
design 1 1 1 1 6.42 0 0
es
1.3 1.3 1.3 0.7 6.19 0.67 0.22
2 2 2 0.5 5.27 3.8 2.6
0.5 0.5 1.3 1.3 9.22 3.42 0.01
0.3 0.3 1.5 1.5 13.32 11.25 0.48
1.5 1.5 0.5 0.5 7.85 8.93 1.54
2 0.5 0.5 0.5 9.27 1.21 0.60
1 5 10 15 20 24
1
5
10
15
20
24
0.12
0
element
el
em
en
t
sij
Fig. 3. Absolute value of the sensitivity sij (Eq. (39)) of the approximate displacement u of the truss structure with respect to element
parameter couples.
Fig. 4.
indepe
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A
fl3
ou
oai oaj
ai¼ai
aj¼aj
ð39ÞThe main coupling eﬀects are given by the element couples depicted by dark grey in Fig. 3. The major con-
tribution is provided by the interaction between elements 20 and 23.
Fig. 4 displays the probability density function of the absolute error jEðuÞj when each element stiﬀness is
independently randomly chosen in the range [0.33E*A*,3E*A*]. This function has been obtained by solving
a large number of sample structures. In each of them the axial stiﬀness of the generic bar is the realization
of an independent random variable uniformly distributed in the range [0.33E*A*,3E*A*]. Then, a sample of
the error associated to each structure is computed. Fig. 4 gives information on the probability that the error
exceeds a given value when the approximate explicit relationships are employed. As clear in the ﬁgure, despite
the broad range of ﬂuctuation, the probability of encountering an error greater than 2% is small when Eq. (37)0 2 4 6 8 10 12 14
x
0.2
0.4
0.6
0.8
1
1.2
p ⏐
  (u
)⏐ (
x)
Eq. (31)
Eq. (37)
PDF of the absolute value of the percentage error jEðuÞj for the displacement u of the truss structure when each element stiﬀness is
ndently randomly chosen in the range [0.33E*A*,3E*A*].
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to Eq. (31) is less accurate, as errors up to 15% are produced although values greater than 10% are encoun-
tered with small probability.
The probability density function of the absolute error jEðrÞj, being r the axial stress of bar 21, is plotted in
Fig. 5. It can be seen that the approximate solution based on Eq. (37) leads to remarkable accuracy also when0 2 4 6 8 10 12 14
0.1
0.2
0.3
0.4
0.5
Eq. (31)
Eq. (37)
x
p ⏐
  (σ
)⏐ (
x)
Fig. 5. PDF of the absolute value of the percentage error jEðrÞj for the axial stress r of bar 21 of the truss structure when each element
stiﬀness is independently randomly chosen in the range [0.33E*A*,3E*A*].
Fig. 6. Frame structure.
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greater than 10% is basically zero. On the contrary, a larger error is encountered if the cross-terms are
neglected according to Eq. (31).
6.2. Frame structure
The frame structure reported in Fig. 6 has been analyzed. The structure, composed of Ne = 9 Euler ele-
ments, has ndof · Nn = 18 degrees of freedom, so that NK = 27 unimodal components are present (the redun-
dancies are NK  ndof · Nn = 9). The axial and bending stiﬀness of all the elements of the initial design
structure are E*A* and E*I* = E*A* · (l/100)2, respectively.
Table 2 shows the error of the explicit solutions for the horizontal displacement at the upper-right node, u,
for some sample structures with diﬀerent values of E(e)A(e) and E(e)I(e) in the elements. The error related to Eq.
(37) is very small for all parent structures.
Fig. 7 depicts the absolute error probability density function for the same displacement component when
the values of E(e)A(e) and E(e)I(e) of each element are independently randomly chosen in the ranges
[0.33E*A*,3E*A*] and [0.33E*I*,3E*I*], respectively.Table 2
Exact solution and percentage error EðuÞ of the approximate solutions of the horizontal displacement at the upper-right node for the initial
design frame and for some sample structures
E(e)A(e)/E*A* in the elements E(e)I(e)/E*I* in the elements uexact  EIfl3 EðuÞ (Eq. (31)) EðuÞ (Eq. (37))
From element
1 to 5
From element
6 to 9
From element
1 to 5
From element
6 to 9
Initial design 1 1 1 1 0.299 0 0
Samples
1 1 2 2 0.151 1.75 0.17
2 1 1 2 0.225 2.13 0.21
1 2 2 1 0.217 1.13 0.50
2 0.5 0.5 2 0.373 11.63 1.03
2 0.5 0.5 0.5 0.597 9.85 1.02
1 1 0.3 1 0.648 8.22 0.75
0 2 4 6 8 10 12
0.5
1
1.5
2
2.5
Eq. (31)
Eq. (37)
x
p ⏐
  (u
)⏐ (
x)
Fig. 7. PDF of the absolute value of the percentage error jEðuÞj for the horizontal displacement at the upper-right node of the frame
structure when the axial and bending stiﬀness of each element are independently randomly chosen in the ranges [0.33E*A*,3E*A*] and
[0.33E*I*,3E*I*].
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ment 4 is plotted in Fig. 8.0 2 4 6 8 10 12
0.2
0.4
0.6
0.8
Eq. (31)
Eq. (37)
x
p ⏐
  (M
)⏐ (
x)
Fig. 8. PDF of the absolute value of the percentage error jEðMÞj for the bending moment at the base of element 4 of the frame structure
when the axial and bending stiﬀness of each element are independently randomly chosen in the ranges [0.33E*A*,3E*A*] and
[0.33E*I*,3E*I*].
Fig. 9. Arch structure modeled by 2D constant strain triangles with plane stress assumption.
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structures. In fact, both for displacements and internal stresses, it is reproduced the same level of accuracy
encountered for the truss of the previous example. The better performance of the explicit solution with
cross-terms is assessed by the lower probability to exceed a given error threshold. Furthermore, the compar-
ison between Figs. 7 and 8 clearly shows that almost the same accuracy level is associated with displacement
and stress components.
6.3. 2D structure modeled by constant strain triangles
The plane stress problem given by the arch modeled by constant strain triangles shown in Fig. 9 has been
analyzed assuming a ﬁxed value of the Poisson ratio m = 0.3. The structure, composed of Ne = 48 elements, has
ndof · Nn = 66 degrees of freedom, so that NK = 144 unimodal components are present (the redundancies are
NK  ndof · Nn = 78).
The percentage error EðvÞ pertaining to the approximate explicit expression of the vertical displacement of
the loaded node, v (see Fig. 9) is reported in Table 3.
Fig. 10 portrays the probability density function of the absolute error jEðvÞj, for the same displacement
component, when the value of the stiﬀness E(e)t(e) of each element is randomly chosen in the range
[0.33E*t*,3E*t*] (being E* and t* the properties of all the elements of the initial design structure).Table 3
Exact solution and percentage error EðvÞ of the approximate solutions of the vertical displacement of the loaded node for the initial design
arch and for some sample structures
E(e)t(e)/E*t* in the elements vexact  E tf EðvÞ (Eq. (31)) EðvÞ (Eq. (37))
From element
1 to 12
From element
13 to 24
From element
25 to 36
From element
37 to 48
Initial design 1 1 1 1 0.092 0 0
Samples
1.5 0.7 0.7 1.5 0.103 5.75 0.37
2 2 2 0.7 0.060 7.17 0.93
1.5 1.5 0.7 1.5 0.082 5.84 0.42
0.7 0.7 1.5 1.5 0.095 5.39 0.11
0.5 0.5 1.5 1.5 0.117 11.23 0.57
2 0.5 0.5 0.5 0.152 10.92 0.50
0 2 4 6 8 10 12
0.2
0.4
0.6
0.8
1
1.2
Eq. (31)
Eq. (37)
x
p ⏐
  (v )
⏐ (x
)
Fig. 10. PDF of the absolute value of the percentage error jEðvÞj for the vertical displacement of the loaded node of the arch structure
when the stiﬀness of each element is independently randomly chosen in the range [0.33E*t*,3E*t*].
0 2 4 6 8 10 12 14
x
0.1
0.2
0.3
0.4
Eq. (31)
Eq. (37)
p ⏐
  (σ
x)⏐
 
(x)
Fig. 11. PDF of the absolute value of the percentage error jEðrxÞj for the stress rx in element 46 of the arch structure when the stiﬀness of
each element is independently randomly chosen in the range [0.33E*t*,3E*t*].
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shown in Fig. 11.
As evident from Table 3, Figs. 10 and 11, although the number of unimodal components and redundancies
is much larger than in the two previous applications, the same accuracy level is achieved (compare Figs. 4, 7
and 10 and Figs. 5, 8 and 11). In particular, the approximate explicit expression which hinges on Eq. (37)
appears very eﬀective for predicting displacements and internal stresses of ﬁnite element modeled structures.
7. Conclusions
The paper has presented a procedure for evaluating, via inversion of the stiﬀness matrix, an approximate
explicit relationship between the static nodal displacements of linear ﬁnite element modeled structures and the
element properties. The technique is based on a non-conventional assemblage of the stiﬀness matrix which is
made possible thanks to the factorization of the element stiﬀness matrix according to the unimodal compo-
nents concept. Basically, each ﬁnite element is decomposed into its unimodal components, i.e. sub-elements
acting in parallel with the same connectivity of the original element which are assembled in a truss-like fash-
ion. So operating, the exact inverse of the global stiﬀness matrix, in which the element properties appear as
parameters, can be easily obtained for the case of statically determinate structures (i.e. structures with a num-
ber of unimodal components equal to the number of degrees of freedom). The exact inverse is also eﬀectively
provided for structures with few redundancies or few parametric element properties by making use of the Sher-
man–Morrison–Woodbury formula. For the general setting of structures with many redundancies and param-
eters the exact explicit solution is still achievable in principle, however the analytical relationships between the
response and the basic parameters would be practically unusable because of the immense number of terms
involved. Then, two approximate solutions have been proposed which retain the most signiﬁcant terms.
The ﬁrst, which simply superimposes the contribution of every unimodal component ﬂuctuation, is a crude
one and should be used only if the parameters have small variability ranges. The second approximate solution
takes into account also the interaction eﬀects between unimodal component couples so to produce very accu-
rate results, both in terms of displacements and internal stresses, even for broad parameter ﬂuctuations. The
numerical applications have shown that the accuracy does not deteriorate when the redundancies and the
degrees of freedom increase whatever type of ﬁnite element is used. Furthermore, the proposed technique
can be easily implemented into standard ﬁnite element codes and produces explicit solutions which can be han-
dled for further processing, so that it can be conveniently exploited for reanalysis, optimization, identiﬁcation,
inverse analysis, reliability analysis, etc.
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